THE VISCOSITY METHOD FOR THE HOMOGENIZATION OF SOFT 

INCLUSIONS 
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^ 1 ^ Abstract. In this paper, we consider periodic soft inclusions Tt with periodicity 

£, where the solution , u^, satisfies semi-linear elliptic equations of non-divergence 
^ in Qf = D \ Tt with a Neumann data on dT" . The difficulty lies in the non- 

^ divergence structure of the operator where the standard energy method based 

h^- on the divergence theorem can not be applied. The main object is developing a 

viscosity method to find the homogenized equation satisfied by the limit of u,,, 
called as u, as e approaches to zero. We introduce the concept of a compatibility 
condition between the equation and the Neumann condition on the boundary 
for the existence of uniformly bounded periodic first correctors. The concept of 

I I second corrector has been developed to show the limit, u, is the viscosity solution 

of a homogenized equation. 

< 

?3 1- Introduction 

g 

I I 1.1. Let Q be a bounded and connected domain in R" with a smooth boundary. 

We are going to define a perforated domain Qt by removing a e-periodic balls out 
of Q. For each m e Z", let Bi,{m) be a ball with center m and radius < o < ^. Let 



r - y Bairn), 



> 
00 

0^ 

(N T, := £T\ 

^— I and 

^ Q,=Q\T,. 

The homogenization of partial differential equations in a perforated domain 
J" with Dirichlet or Neumann boundary value has been studied by many authors. 

. ^ Please refer | |jKO| and (CLl for details. 

In this paper, we will consider the generalization of the following soft inclusions 
H where the diffusion coefficients are zero on the holes: 



(1.1.1) 



AMf = f{x) in 

=0 on dl £ 

dv 

Mf = (p{x) on do. \ (9Tf . 



In | UKO| [, they show that converges to Uq weakly in H^(Q)(strongly in L^(Q)), 
and that the limit uq satisfies 



(1.1.2) 



iaijDijUo = 6f{x) inO 
1 Uq = (p{x) on do. 
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for some constant matrix (fl,y) where 6 = I Xt"- Their method relies on the 

-'[0,1]" 

energy estimates and compensated compactness to pass the limit in the weak 
formulation. Such energy method cannot be applicable to nonlinear equations of 
non-divergence type since the solutions may have different order of energies, IICLL 
even though they satisfy equations in the same class. 

In this paper, we are going to develop a viscosity method to find the homoge- 
nization process of the following semi-linear equation of non-divergence type: 

|'L(DVwe,x,f)=/(x,f) inQ, 

= cp{x) on do, \ dTe 

where L (d^u^, u^,x, |j = DijU^ + c (ui;,x, G (DMf(x), ^ j = b' D/m^ (x) and 

(p e C^(Q). And the equation satisfies the following conditions. 
Conditions I: 

(i) L is tmiformly elliptic: there are positive constants < A < A < oo such that 

for all £. e M" and for all y e ]R". 

(ii) b'{y) satisfies the uniform oblique condition: there is a uniform constant j.i 
satisfying < /j < b{y) ■ v < oo. And, for the convenience, we also assume 

PIIl- < 1. 

(iii) a'i{y), b'{y), c{r,x,y) and f{x,y) are periodic in y-variable: for every m e Z", 
we have 

d'{y) = a''{y + m), V{y) = b'{y + m), c{r,x,y) = c{r,x,y + m) and/(x, y) = f{x,y + m). 

(iv) c(0,x, y) = and c{r,x, y) is non-increasing with r variables, 
(v) 

ll«i7llc»(R"\T") + W{°- ■)llci.«(l(R«\T")) - ^a^d, 

\\c{r,x, Ollc'HR'AT") + Ollc'HRnT") is bounded 
for every (r, x) e ]R x R". 
(vi) / and c are uniformly continuous with respect to y variable. That is, for any 
given xq and yq e R, 

lim sup \f{x, y) - /(xq, y) = and lim sup c(r, x, y) - c(ro, xq, y) = 

Throughout this paper, we always assume the conditions I above. 

1.2. Main Theorems. Our first theorem concerns about the existence of compati- 
bility constant for Neumann Problem. 



Theorem 1.2.1 (Compatibility Condition). Consider the equation defined as follow: 
(1.2.1) 



\a,j(y)D,p(y) = f(y) m M« \ T" 

\b\y)(s:+D,v{y)) + y = g{y) ondT\ 

Assume that 

ll^!yllc«(R"\T») + ')llci-«(;(R"\T")) - ^ 
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md ||/||c''(R"\r") + IIS'llci "(R"\T«) is bounded. Then, for any given £, e ]R", there is a unique 
constant y = y{E.;{aij),b',f,g, a) that makes the equation { 1.2.1\ has a soution v. 

Definition 1.2.2. 

(i) We are going to call y{£,;{aij),b',f,g,a) a compatibility constant of the equation 
( |LZT) . 

(ii) Now suppose that f = g = 0. Ify = y{{aif), b') = Ofor all £, e R" and the size of halls 
a, then we call {aij) and V (or the equation fP^ j satisfies the compatibility condition. 

We remark that Laplace equation equipped the Neumann boundary condition 
satisfies the compatibility condition. We will show it in chapter |3] 
Now let us introduce our main theorem: 



Theorem 1.2.3 (Main Theorem). Let be a viscosity solution of Suppose that 
our equation satisfies the conditions I and 

(1) the equation ( [P^ satisfies the compatibility condition, 

(2) «£ is bounded uniformly on e, and u* = u, on the dD, where u* and u, is same in 



definition 6.1.1 



(3) < a < ao /or uniform constant Oq in theorem 5.2.1 

Then, there exists an uniformly elliptic operator L. And u^, solution of | [P^ , converges to 
u, solution of the equation \\.2.2) , uniformly. 



(1.2.2) 



\L{D'^u,u,x) = inO. 
I u = (p{x) on do,. 



We will use the condition (3) to prove the uniformly ellipticity of L. Hence it can 
be dropped if ajj - /(Laplace case) and V{y) = v' (Neumann boundary case). See 
chapter |5] And the condition (2) can be dropped if we can construct a barrier at 
any boundary points. We will show that such a barrier exists if Q satisfies exterior 
sphere condition in chapter [6] 



Corollary 1.2.4. Let u^, be the solution of the equation {Pi, \. Assume that dPJ| satisfies all 



of the conditions (1) -(6), condition (3) in theorem 1.2.3 and the compatibility condition. 
Assume also that O satisfies an exterior sphere condition, then converges uniformly to 
Mo which is the solution of | |L2.2) . 

Corollary 1.2.5. Let Ui^ be the solution of the equation with the condition (vi) . 



Then Wf converges uniformly to uq which is the solution of | 1.1.2[ | if the domain Q satisfies 
an exterior sphere condition. 

Finally, we develop the following estimate. It tells us that Ue is almost Lipschitz 
continuous. 

2. Existence and Regularity 

2.1. We begin by recalling the definition of viscosity solutions. It is a definition 
of viscosity solution defined in IICILII . 

Definition 2.1.1. For a given function u defined on CI, 

(1) the superdijferential D^'"^m(x) of order 2 at x e CI is defined by 

D^'^u{x) = {{p,M) e R" X S" : u{x + h)< u{x)+ <p,h> 

1 9 — 

+ -{Mh,h) + o{\h\ ) asx + heCl and h ^ 0} 
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(2.1.1) 



(1) the sub differential D^' u{x) of order 2at x e Clis defined by 

D^--u{x) = {(p, M) e R" X S" : u{x + h)> u{x)+ <p,h> 

1 , — 

+ - < Mh, h > +o{\h\ ) as X + h e Q and ^ ^ 0} 

— 2,+ 

(3) D u{x) is the set of those points {r,p,M) e 'RxW xS" to which there corresponds 
a sequence {{x„,p„,M„)] e Q x K" x S" such that {p„,M„) e D'^'^u{xn)for n e N 
and such that x„ — > x, u{x„) — ♦ r, p„ — > p, and M„ — > M as n ^ oo. 

— 2,- 

(4) D u{x) is the set of those points {r,p,M) e ^.xWxS" to which there corresponds 
a sequence {{x„,p„,M„)] e Q x R" x S" such that {p„,M„) e D^'~u{Xn)for n e N 
and such that x„ x, u{x„) r, p„ p, and M„ M as n ^ co. 

Definition 2.1.2. For a given nonlinear equation that is defined in bounded domain Q, 

(f{D^u,Du,u,x) = f{x) in O 
I G{Du, u, x) = g{x) on dO, 

(1) an upper semi-continuous u is a viscosity sub-solution of | |2.1.1) if 

(f{M,p, u{x),x) > forxeQ, {p,M) e D^'^m(x) 

[F{M, p, u{x),x)>0 or G{p, u{x),x)<0 for x e dQ, {p, M) e D u{x). 

(2) an lower semi-continuous u is a viscosity super-solution of | |2.1.1[ | if 

jF{M,p,u{x),x) < forxeQ, (p,M) e D^'~m(x) 
\f{M,p,u{x),x) < or G{p,u{x),x) > forxe dQ,{p,M) e D^'~u{x) 

(3) u is called a viscosity solution of if u is called a viscosity super- and 
sub-solution of | |2.1.1 1. 

We employ the comparison principle given at IICILI . 

Lemma 2.1.3 (Comparison Principle). 

Let and v~ be viscosity super- and sub-solutions of ( [P^ respectively for given £ < 1. 
Then v'^{x) > v~{x) in O. 

The following existence theorem for the viscosity solution can be found at tClLJ . 

Lemma 2.1.4 (Existence). 

There is a unique viscosity solution u^ of (P^)- 



We finish this section by introducing more intuitive concept of viscosity solution 
that is equivalent the definition above if our solution u is in near the boundary: 

Definition 2.1.5. Let x e Q/or some bounded Q. Then a continuous function u is the 
viscosity super (sub) -solution of the equation 12.1.1 1 at x if(p e C^(Q) touches u by below 
at X, then 

F{D^(p{x),D(p{x),cl){x),x) < (>)/(x). 

Lemma 2.1.6. Suppose that u is a continuous viscosity super-solution(sub-solution) of 
\2.1.1\ at all interior point of O. Suppose also that u is near the dCl. Then u is a 
viscosity super-solution(sub-solution) of ||2XTJ if 

G{Du,u,x) > (<)0. 
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3. Compatibility Condition 

In this section, we are going to define the compatibility condition and investigate 
their properties. 

3.1. Existence and Regularity of Periodic Viscosity Solution. Before introducing 
the compatibility condition, we are going to find the (periodic) viscosity solution 
of the following equation defined on ]R" \ T": 



(3.1.1) 



(fl,7(y)D,;Z;,(y)=/(y) inR"\T» 
b'{y)DMy) + £^My) = giy) on dT\ 



We assume that all the functions /, b' and g are periodic in y variable. Assume 
also that Ujj is imiformly elliptic with elliptic constant A and A and b'{y)v' > j.i 
for |U > in condition Then, we will prove the comparison for the viscosity 
solution of | |3.1.1) . 

Lemma 3.1.1 (Comparison Principle). Let and v~ be continuous, bounded and 
periodic viscosity super and sub-solution of the equation | 3.1.1| l respectively. Then we have 

v"" > v~ . 

Proof. First, assume that and v~ are in C^. If the conclusion is not true, there 
exists yo e R" \ T" such that c'^(yo) < v~{yo)- Now we add a positive constant 
c > so that v^{y) + c> v~{y) and then decrease c until v^{y) + c touches v~{y). Set 
ci = min{c > : v^{y) + c > v~{y) for all y). Then, from the assumption, ci > 
and hence we can find yi e ]R" \ T" such that v^{y) + ci touches v~{y) at yi from 
above . In other words, 

v^{y) + ci > v-{y) for all y e R" \ T" 
v^{yi) + ci = v'iyi). 

First let us consider the case when yi e Then, from c~(yi) = v^{yi) + ci and 
v~{y) > v^{y) + ci, we have 

> b\yi)D,v-{yi) + eV(yi) 

> Viyi)Dy{yi) + eV(yi) + e^ci 

= e^ci > 0, 

which is a contradiction. Hence yi is not on the boundary. Therefore yi is supposed 
to be an interior point of R" \ T". 

Hence, yo the touching point, should be in the interior of R" \ T". But, it also 
impossible because + cq also be a viscosity super solution of 1 3.1.1\ and the super 
solution c"*" + Co cannot touch the sub-solution v~ by above at any interior point. 
So, v^ > V- on R" \ T". 

The case c"*" is lower semicontinuous and v~ is upper-semicontinuous can be 
proved by the usual viscosity argument. See chapter 3 in IICCI . □ 

From the comparison, we directly prove the existence of the solution of equation 
1 3X11 . 

Lemma 3.1.2. Suppose that there exist a periodic bounded continuous (viscosity) super- 
solution h'^ and a sub-solution h~ of the equation of equation < 3.1.1) . Then, there exists the 
unique periodic viscosity solution v^ of | |3.1.1 1 located between h'^ and h~. 
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Proof. We first define v = inf{h : h is periodic, bounded viscosity super-solutions }. 
Then, v is well defined because of and h~ . And, we also prove that c is a viscosity 
solution by applying the argument in IClLll . Finally, from the definition, 

v{y) = mf{h{y) : h is peroicid, bounded viscosity solution of | 3.1.1| } 

= mf{h{y + m) : his peroicid, bounded viscosity solution of ( 3.1.H } 

= v{y + m) 

forall;«eZ". □ 
Lemma 3.1.3. For each e > 0, there exists the solution of the equation | 3.1.1| l satisfying 

l|£'^J^dllL»(R"\T") ^ C(||/||L"(Rn\r») + IIS"IIl"(R"\T°)) 

for some constant C = C{n, A, A, /.i, a). 

Proof. For given / and g, let be the solution of the equation 1 3.1.1\ when g = and 
be the solution of l |3.1.H when/ = 0. Then, if wehave He^i'^H < C(m,A, A, fi, a)|/|cx, 

and lle^c^ll < C{n,A, A, [j.,a)\g\ca, the conclusion comes from the linearity of the 

equation. So, we consider the case g - first. We may assume that l/U - 1 

without losing generality. 

Select a ball B - B„(0) which is a component of T" and a unit cube Q of R" with 

center 0. Set 

1 1 ^ 
h = -— + — > 0. 
\x\" a" 

By the direct calculation, we can obtain 

a,j{y)D,jh{y) < M^{D^h{y)) < -a-^{A{a - 1) + A(n - 1)) in R" \ B„ 

\x\ 

where M^{M) - Le,>o + Le,<o '^^i e, are eigenvalues of M. 
Select a large a = a{n, A, A) so that M'^{D%{y)) < 0. and define 

Hy) - ^^h{y). 

1 

where B(a) = -a—- — (A(a - 1) + A(n - 1)). 



Then, we have 



aij{y)D,jh{y) < -1 in Q \ B„. 



(X 

From Dh{y) = - ^ • v on the boundary 5B„, we get 



b'{y)Dih = b'iy) -v, > -. 



Now we define 



6 = and, 

~ 1 
v+ - mm{h{y - m)) + —6. 

meZ" E 

Then, because of the shape of h, aifyy)D^v^(\j) < -1 in the viscosity sense for all 
interior points of R" \ T" and, on the boundary, G(D?7+, y) + (?-v+ > -6 + 6 = 0on dT". 
Therefore v+ is a periodic viscosity super-solution, and we can observe that -c"*" be 
a viscosity sub-solution. Hence, by the lemma 3.1.2 there is a periodic viscosity 
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solution Vc of the equation < 3.1.1| between a sub-solution —v^ and a super-solution 
c+ > 0. In addition, we have 

- ie^— +d\< -£^v+ < e^Ve < £^v+ <£^— +6 

and 

l|e^^^£llL»(R"\r") ^ C(m,A,A,|U,o). 

V 

For general /, consider the function t-— ^ and apply the above estimate, we 

ll/llL"'(R"\r") 

can get the conclusion. And, if / = 0, then e^v^- - ±||g||L"(K"\T») become a super and 
sub-solutions so, we can deduce that He^c^ ||L"(R"\r") ^ llgllL~(K"\T")- □ 

Lemma 3.1.4. Let be the solution of | |3.1.1| l and 



Then we have 



osc Vi; <ci 

R"\r" ^ 

for a uniform constant C = C{n, A, A, /.i, a). 



j°,^^„ = ^,\'!;„ - llli IIL~(R"\T") -I- ll^llL"(R"\r") ; 



Proof. For small 6 > 0, T""^* be a set of balls with radius a + 6 instead of balls 
with radius o. Let S, = sup],j„yj,,+6 , I, = inf]Rn\7-a+s So = supj^,,^^,, z),, = oscy^, 
Iq = inf]R«\r« z)£ = and = mrnye]R»\T« £^v^{y). 
Then v., satisfies 



(3.L2) 



Uj{y)Di£,{y) =f{y) in]R«\T» 
]b'{y)DiVe + £^v,{y) = g{y) - y, on dV\ 

Let Q be a unit cell of M" \ T" which is punctured by a ball Ba{yo)- We may assume 

that yo = 0. Since v^: is nonnegative and Q \ T"^^ is contained in R" \ T", we can 
apply the Hamack estimate (in |CC| ) onzT^ in Q \ T""^'"", and hence we have 



Q\T" 



sup V, < Ci inf V, + ||/||L»(Ri\r") 



Q\r' 



for some Ci which depend only on n, A, A, a and b. And hence, from the periodicity, 
we have 

S. <Ci (j. + ||/||L~(RnT«))- 

Let = - — (lyl^ - (a + 6)^) + S, for some K > 0. Then we have 

aij{y)DijV^ < -nAK in B„+5 \ T" 
> S, > Vi; on dBa+6 

and 

b'{y)Div'^ + e^c"^ = Kay ■ v + e^v'^{y) 

> Kan + ^^'^^(y) 

> Ka[i 

on 5B(,. 
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Then, if we select K = ^||/||l»(K"\t«) + — (llgllL~(R"\r«) + \yA), ^'^ is a super 

solution in B„+5 \ B„. So, a comparison principle tells us c""" > i)f in B„+5 \ T" and 
hence 

So < -|(a2-(a + 6)2) + S.. 

So, by choosing 6 properly between and | - a, we have So < S, + C2K for some 
constant C2(a) > 0. Similarly, We can obtain Iq > L - C2K. 
Combine these three results. Then we can conclude 

So < S. + C2K 

< Ci{l + ||/||L~(R"\r")) + C2K 

< Ci(Io + C2K) + Ci||/||L~(K"\r«) + C2K 

< c(||/||l~(R"\t") + llgllL»(K"\T«) + \y^\) 

where C depends only on n,A,A,[i and a. Finally, applying lemma 3.1.3 to get 
\7e\<C{\\f\\L »(R"\r«) + ll^llL~(]R"\r"))/ we get the conclusion. □ 

Now, we are discussing the regularity of . The regularity of viscosity solution 
of bounded domain has been developed by many authors. Especially, we will use 
the results in IICCI , iLTl and IIGTI to get the regularity of v^. Let us assume that 
ll«.7llc«(R«\T°) + \\b'{a •)lli(ci.«(R«\T«)) - ^ ll/llc"(R"\T«) + llgllci.«(R«\r«) is bounded. Let 
Q be a cell of M". We may assume that the center of Q and Bi, is 0. By applying the 
interior estimate in ICC], Cf is at every interior points and hence for some open 
set Q which is contained in R" \ T" and containing dQ, and 

lF£llc2.»(Q) ^ c(||z^^||l"(q\b„) + \\f\\c»{Q\B.,)) 

^ C(||/||c'(R"\r") + llgllci'''(R"\r»)) 
where C is a constant depending only on n, A, A and 0. Let (p{i/) be a function 
which has same value with in Q. Then, satisfies 

aij{y)Difv,{y) = f{y) in Q \ B„ 

h\y)D{v, + e^xj^iy) = g{y) - y, on (9B„ 
F= <\> on dQ. 



So, from the liLT I, is C^'" in Q \ Bj, (hence in R" \ T") and, from the a priori 
estimate in IIGTI , we have the C^'" estimate 

ll^£llc2'«(iR"\T») ^ c(|[F£||l»(R"\t«) + l|(/)|lc2.'i(R"\r«) + ll/llc«(iR"\T») + IIS"llci'"(R"\r°)) 

(3.1.3) < c(|[ir£||L»(]R"\r«) + ll/llc«(iR"\r") + IIS"llci-"(R"\r")) 

^ c(||/||c<(R»\T«) + IIS"llci-«(R"\r")) 
In summary, we have 

Lemma 3.1.5. Let v is the (viscosity) solution of the equation { 3.1.1\ with ||fl,;ilc"(R"\T«) + 
\\b'{a-)\\ 

0.a(i(jR«\T<')) - ^ ^^'^ ll/llc"(iR"\r") + IIS'llci'"(R"\r'') Then v is in C -"{W \ T") 
for some a and we have 

(3.1.4) lf5'£:llc2."(R"\T«) ^ C(||/||c«(R«\T«) + llgllci'«(R"\r")) ' 
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3.2. The existence and uniqueness of y. In this section, we are going to prove the 
theorem 1.2.3 by applying previous subsection. First, for fixed £, e R", consider 
the following approximated equation 

(aij{y)D,jVe = f{y) 



(3.2.1) 



+ E^v, = g{y) 



in ]R« \ T" 
on dT". 



For each £, we have the periodic viscosity solution = v^{y;^) of | 3.2.1[ | by 
lemma l3.1.3l 

Lemma 3.2.1. For each e > 0, there exists satisfying \5.2.1\ and we have 

Actually, we just need the result when f - g - 0. But, in this section, we can 
consider more general case(/and g are not identically 0) because it does not effect 
on the result. The following is about the oscillation of Ct . 

Lemma 3.2.2. Let be the solution of the equation | |3.2.1) and 



v,{y)^v,{y)- rnin z;,(y). 

yeK"\T« 



Then we have 



osc V, < C(n, A, A, fi, a) (||/(-) 



R"\r: 



IL'»(R«\T") 



IIl~(R"\t«) + 



Proof. Let = minyeR.\Tn e^Vi;{y). 
Then v., satisfies 



(3.2.2) 



\a,j{y)DijV,{y) = fiy) 



in W \ T" 



I b'{y)DiV, + £^v,{y) = g{y) - y, - h'{y)E.' on dT\ 



Now apply lemma 3.1.4 and then we can get the conclusion. 



We can also obtain the estimate of v^ by lemma 3.2.2 and lemma 3.1.5 



Lemma 3.2.3. Suppose that aij, f , b' and g satisfies the condition in lemma 
we have 

ll'^£llc2.«(R"\r») ^ c(||/||c«(R"\r») + llgllci'«(R"\r») + l-Sl) 
where C is depending only on n, A, A and a. 

Proof. 

1 

P'(-)llci.«(R"\r") ^ 

< C(M,A,A,f/, a)(||/||L~(R"\r«) + II^IIl-(R"\t«) + l-Sl) 
from the condition Q in chapter 1 and lemma 



3.1.5 



Then, 



3.2.2 



;) ~ Ye - ^'(■)'£'llci.«(iR"\r") 

is bounded. Hence we can apply lemma 3.1.5 to of | |3.2.2| and we can get the 
estimate. □ 



Lemma 3.2.3 and 3.2.1 tells us that ||c2,„ + ||e CeHl" is bounded uniformly on 
e. So, from Arzela-Ascoli theorem, we can deduce that there is a c e C^(]R" \ T"), 
y e R, and a subsequence {ej\ where F^. converges v in C^(]R" \ T") and e^v,, y 
imiformly. 

And if we take / oo, then v e C^-" and a satisfy the equation | 1.2.1[ |. 



10 



KI-AHM LEE AND MINHA YOO 



Proposition 3.2.4. Ifaij,/, V and g satisfies the condition in lemma 3.1.5 then, we always 



find y = y{E; {aij), {V), f, g, a) and v = v{y; E,) e C^'" which satisfy the equation < |1.2.1| . 
Lemma 3.2.5 (Uniqueness of y). Let y be given as 



3.2.4 



Then such y is unique. 



Proof. Let v^{y) and v^{y) be two solutions of the equation I L2.1 1 with correspond- 
ing to constants y^ and respectively. And, to obtain a contradiction, assume that 
y^ and are not same. We may assume that y^ < y^ without losing generality. 
Since and are bounded, we can find a constant c such that + c touches 
by above at i/o ^ IR" \ 7""- Suppose that i/o is a interior point, then {v^ +c)-v'^ has a 
local minimum at i/o- but since {v^ + c) - is a solution of a'i{y)Djj{{v^ + c) - v^) = 0, 
(c^ + c) - cannot have its minimum at interior point because of the strong maxi- 
mum principle. So yo cannot be in the interior of ]R" \ T". Suppose that yo e dT". 
Then, + D{v'^ + c), y) + y^ < G(5 + Dv^, y) + y^ < g{y) but, 

G(l + D{v' + c), y) + y^ = G(5 + Dv\ y) + y^ = g(y) - y' +y^> g(y). 

So we get a contradiction and hence y^ should be the same with y^. □ 

Proof of theorem |1.2.1| From proposition 3.2.4 there exist y that makes the equa- 
tion P 



L2.1 has a solution v. And by lemma 3.2.5 such a y is unique. 



Remark 3.2.6. We can define a compatibility constant even the operator and boundary 
condition are nonlinear. More precisely, Forgiven operator F(M, y) and boundary condition 
G{p, y), and a vector S, e R", there is a constant a and a periodic function v{y) e C^(]R" \ T") 
satisfying the equation 



(3.2.3) 



\F{D^v, r, xo, y) = /(xq, y) in W \ T" 
\G{^ + Dv,y)+y = g{xo,y) ondT". 



if the operator satisfies the conditions in [LTJ. The proof is quite similar. 

3.3. Examples satisfying the compatibility condition. As we told in the intro- 
duction, the Laplace equation and the Neumann boundary condition satisfies the 
compatibility condition. Let Q be a one cell of R" \ T" having center and v is a 
solution satisfying the following equation: 

Az; = in R" \ T" 

dv 

— +y = on dr\ 



Then, by using divergence theorem, we have 

dv 







[ Avdx = f ^dox + f 

/ 

Jd{ 

f 

Jd( 



>Q\T' 
= + 



<?(T«nQ) 



-4 ■ V - ydox 



dv 



dox 



-y ( dox 

)d(T'nQ) 

-y\d{r n Q)|. 



Hence, y should be 0. 
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Moreover, the operator satisfying the symmetric condition aij{-y) = aij{y) and 
h'{-y) = -b'{y) Then, we can show that (fl,y) and b' satisfies the compatibility 
condition. 

Proposition 3.3.1. Let be the solution of equation 1 3.2.1^ . Assume t hat ajj and V 
satisfies aij{-y) = aij{y) and b'{-y) = -b'{y) and the condition in lemma 3.1.5 Then, 
(y) = -v^{-y) and hence fl,y and b' satisfies the compatibility condition. 

Proof. Let = -Vc{-y). Then Dv^ = Dvi,{-y) and D^f^j = -D^Vi,{-y). Apply it to 
the equation | |3.2.1| . Then, 

{aij{y)DijV,{y) = -a,j{-y)D,jV,{-y) = in R" \ T" 

Yiy) (5' + m,{y)) + e'v.iy) = -b-{-y) + D,v,{y)) - eV(y) = on dr. 

It tells us that Vi, is also a solution of equation | |3.2.1[ | and hence C£(y) - v^iy) - 
-Ct (-y) by comparison (lemma 3.1.1| From above, Ct cannot be nonnegative or 
nonpositive unless = identically. So, we can conclude 



because of lemma 



3.2.2 



llCflU < oscv^ < C\£,\ 
and hence e^c^ converges to 0. 



4. First Corrector 



In this section, we are going to define the first corrector from the heuristic cal- 
culation and investigate their existence and regularity by using results in previous 
section. 

4.1. Existence and Regularity. Let us consider the asymptotic expansion of u^ at 
xq e Q. In other words, suppose that u^ has the following asymptotic expansion. 



Mf = Mo 



If Mo is regular, then it is quite similar to the second polynomial P{x) = ^{x - 
xo)'M(x - xo) + p ■ {x - Xo) + Mo(xo) near xq e Q. So, we will identify mo with P{x). 
Finally, define ^ = E.{x) = M{x - Xq) + p to simplify the notation. Then, by the 
calculation, we have first and second derivatives: 

DMf (x) = M ■ (x - Xo) + p + DyV + eM ■ D^v + eDzfj ^- j + 0(e), 

1 

D2m,(x) = M + -D^v + {J^ M'Dy.Dffv) + {J^ D^,Dy_vM'') 
+ eMDIvM + DV + 0(1). 



From we have 
(4.1.1) 



fl,y(y) (m + jDyZ; + ■ ■ ■ + D^^t) + c{r, x, y) = f{x, y) + o(l) 
V{y) ■ {M- {x - Xq) + p + DyV + eM ■ D^v + eDiv^)i = o{e) 



We can observe that, at a first line of the equation, there is one ^ order term. So, 
if V and w,, exists and regular enough, then v should satisfy aij{y)Dijv{y) = in the 
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interior of Qf . And, on the boundary, there are three 1-order terms M ■ x, p, and 
DyV. Hence we could find a equation for v: 



(4.1.2) 



\aij{y)Dijv{y;^)=0 inR«\T« 
b'iy) ■ {E. + Dv{y; =0 on dV 



As we discuss before, there is a periodic solution v of the equation above if {aij) 
and V{or, our main equation | [P^ ) satisfies the compatibility condition. 

Since the equation 1 4.1.2) is linear, is linear with respect to that is, if 

z;' is the solution of the equation I A.\.2\ with 4 = e' , then vi^^,l^ = v' We are 

going to deduce the properties of v from v'. We note that the solution of (P^ is 
not unique since v{y) + c is a solution of v{y) is a solution. So, we assume that c' 
is the solution of the equation 1 4.1.2) when £, - satisfying is nonnegative and 



0. 



From lemma 3.1.4 and lemma 



3.1.5 



the norm of is bounded by constant 
which is depend on the size of holls a. The following lemmas concerns about the 
relation between that constant C and a. 

Lemma 4.1.1. Let v he the periodic solution of the equation < 4.1.2) with mmun\j' v' = 
and assume that a is small enough. Then we have 



osc v' = max v' <C - a. 

R"\r» R"\T« 



where C = C(n, A, A, /.i). 



Proof. We are going to assume i = 1 without losing generality. Let Q be a unit cell 
of ]R" whose center is and B„ = Q H 7^"- Without losing any loss of generality, we 
may assume that the center of Q and B„ is 0. Then, since satisfies 



(4.1.3) 



\aij{y)Dijv\y) =0 



I h'{y) ■ (ei + Dv^{y)Y = on dT\ 



the maximum and minimum should be achieved at a boundary point from the 
maximum principle (in |GT|). So, 

So = sup = sup = sup 

K"\T« dT' dB, 

Iq = inf = mfv^ = inf 

K"\T« 5T" dBa 

By the definition of v^, is nonnegative and Iq = 0. Let Si = sup^g v^, 
h = infjR,, v'^ and 



h' 



_l(|y|2_(2a)2) + Si. 



Then, /z^ satisfies 



a,j(y)D,jh-^ < -— < 
' ' a/i 

2 



b'{y)Dih-* 



2 > (V{y)e[) > V{y)D,v\y) 



in B2a \ Ba 

on dBa 
on (9B2a, 
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and then we have 

a 



So = max < max/z''" = Si + ^ 

B2„\B„ B2„\B„ 2j.li 



from the comparison. Similarly, we can show 

Io>h-^. 

Let v{z) = v^{az). Then v is nonnegative and satisfies 
a,j{az)Dijv{z) = in 83(0) \ Bi(0) 

whenever a < 7. 

6 

By applying the Harnack estimate (in BCCI ) on v in B3, we have 

sup V < C{n, A, A) inf v, 

which implies Sj < C{n,A,A)Ii. 

Now combining these three results, we have 

So<Si + ^<C{n,A,A)h + :^ 

< C{n, ^) (^0 + ^1 + ^ ^ C(m, a, a, ^)a. 



Lemma 4.1.2 (Interior estimate of Dv). Let v\y) he the solution of the equation | 4.1.2| 
with ^ = e'. And suppose that the coefficient functions {aij) and V satisfies ||fl,7Hc«(R"\r») + 
\\V{a ■)llci.«(i(R"\r»)) - ^- T/zew, we have the following estimate 

. . |DV(vi)-DV(y2)| 
d{y)\Dv'{y)\ + d{yf\D^v'{y)\ + mm id{y,),d{y2)f^" ^ ,„ „, ' < Ca 



where C = C{n, A, A, /i) is the same as in 4.1.1 and d{y) = d{y, T") is a distance between y 
and T". In particular, 

, . , |dV(vi)-DV(v2)| 
\Dv'{y)\ + a|D2i;'(y)l + 0^^"^ -—^ < C 

lyi - 3/2! 



Proof. It follows from lemma 4.1.1 and the standard interior C^'" estimate(See 
chapter 6 of HGH). □ 

Lemma 4.1.3 (Global estimaete of Dv). Let v'{y) be the solution of the equation | 4.1.2| 
with E, = e'. And suppose that the coefficient functions {ajj) and b' satisfies ||fli7Hc«(R"\r») + 
\\V{a •)llci.«(i(R"\r»)) - ^- Then, we have 

(4.1.4) l|Di;'(y)||L"(R"\T«) < Ci 

where Ci = Cj {n. A, A, /i) > 0. 
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Proof. Let Q be a unit cell of W whose center i s an d Ba = B„(0) = Q n T". We 
will show supgyg^ \Dv'\ is bounded. From lemma 4.1.2 \Dv'\ in bounded in Q \ B2a, 
so we just need to show that the gradient is bounded m \ Ba- Let us define the 

_ 1 _ 
scaled function v = -c'(az). Then v satisfies the following equation 

( aij{az)DifD{z) = in B2 \ Bi 

b'{az) (e' + Dv{z))' = on dBi 
[v, = (p{z) on Q \ B2. 



where (p{z) = -v'{az). 



(B2\Bi) - a"[«/;(-)]c«(B2a\B„)' i'^iM ')h"{B2\Bi) + Wi^ •)]c''"(B 2\Bi) ^ 



Since [fl,y(a ■)]c« 

Additionally, since [(p]c^,a{dB2) is bounded independently on a from lemma 
have the following estimate 



4.1.2 



< A. 
we 



lv]c^A(B2\B,) < C{n, A, A, {[b'{a OIcl'-c^Bz) + l(p]c^-H3B2)) ^ Ci{n, A, A, 



by using the estimate in IIGTI . Especially, \Dv{z) 
whenever y e B2a \ Ba- 



\Dv'{y)\ is bounded by Ci 



5. Second Corrector and Uniformly Ellipticity of L 

In this section, we define the effective equation L by finding the second corrector. 
And, we prove two important properties of L: the uniform ellipticity and continuity 
of the effective equation L. Throughout this section, we assume that ^P,,) satisfies 
the compatibility condition and condition I in chapter 1 hold. 

5.1 . The Existence of Second Corrector and Effective Equation. Let us define V{y) 
as a ]R"-valued function whose components are c'(3/) srid £, - <;{x) - M{x - Xg) + p 
for a given vector p e R" and a symmetric matrix M. Additionally, let us define a 
matrix Z{y,M) as 

(5.1.1) Z,j{y,M) = M"Djv'{y) + D,v'{y)M''. 



From lemma 4.1.3 we can deduce the following lemma. 

Lemma 5.1.1. For any given a symmetric matrix M and a point y in R" \ T", the following 
estimate holds: 

|Z(y,M)| <C(n, A, A, ^)||M||. 

Now, let us apply v{y, ^) = V{y) ■ ^{x) to the equation | |4.1.1 1 . Then we have the 
following: 



(5.1.2) 



fa,j{y) (m + Z(y,M) + D^w,{y)).. + c{r,x,y) = f{x,y) + o(l) 
\V{y) ■ [Z,M''v' + DiW,) = 0(1). 



We note that our second corrector should satisfy the above equation. We add 
the auxiliary term -e^zVf. to the interior equation and e^zv^ to the boundary equa- 
tion to guarantee the existence of second corrector. Then, we have the following 
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equation about y variable for fixed x = xq and r = tq ■ 
(5.1.3) 

(-e^w.iy) + Uijiy) (m + Z(y,M) + D^w.iy))^, + c{ro,Xo, y) = /{xq, y) in ]R« \ T" 

\v{y) ■ (i:, M''z;' + DiW,{y)) + ehv.iy) =0 on dT" 

From lemma 5.1.1 Z{y,M) is bounded. So, the equation | 5.1.3| is well defined. 
And, by adding the auxiliary term, we can find a bounded viscosity solution for 
each e and we also can prove the comparison principle like Lemma 3.1.1 Since 
the proof of comparison principle is similar to that of lemma 3.1.1 we just state it 
without proof. 

Lemma 5.1.2. (Comparison) Suppose that is a super-solution of | |5.1.3 l and w~ is a 
sub-solution of \5.\3) for fixed M, a, ro, xq and e. Then we have 

> w~. 

Lemma 5.1.3. For each M, a, ro, xq and e, there is a periodic solution Wc{y;M,ro,xo) of 
the equation 1 5.1.3) satisfying 

We^^eWi^iwyT") < C{\\M\\ + ||c(ro,xo, OIlL-cRnr") + ll/(^0/ OIlL'-CRnT")) 
where C is a constant depending only on n, A, A, /j and a. 
Proof. For fixed a, let us define 

K = nAj^{\\M\\ + ||Z,X-,M)|U + \\c{ro, xq, OIU + ||/(xo, OIU + 2||y||o„||M||) . 

Then, from lemma [5.1.1| and |4.1.1| we have 
(5.1.4) 

K < C{n,A,A) \\M\\ + ||Zy(-,M)|U + ||c(ro,xo, OIU + ||/(xo, OIU + 2||y|U||M|| 

'/ 

< C(n, A, A, fO(llM|| + ||c(ro,Xo,-)llL'»(R«\T") + 11/(^0/ OIlL^CRnr")) • 

And, from the definition of K, a;""" = and zv~ = -jiK are super and sub-solution 
of 1 5.1.3) respectively. So, from the similar reason in lemma 3.1.1 we can find the 
solution Iff of | |5.1.3) which satisfies 

l|£^w^fllL~(R"\r") < C{n,A,A,jj){\\M\\ + ||c(ro,Xo, ■)IIl~(R"\t«) + ll/(xo, •)IIl~(R"\t«)) • 



Lemma 5.1.4. The solution w^ of the equation < 5.1.3) satisfies 

(5.1.5) oscWf < C{\\M\\ + ||c(ro,Xo,-)llL"(R"\r") + ll/(xo, OIlL^CRnr")) ■ 
where C depends only on n, A, A and ji. 

Proof Let f{y) = f{xo,y) + £^w,{y) - aij{y){M + Z{y,M))ij - c{ro,Xo,y) and g{y) = 
b'{y) ■ M'h\y) - min]R«\r« w^. Then w^ = zv,, - min]R«\Ta satisfies the following 
equation: 

Uj{y)DijW,{y) = fiy) ^ in R" \ T« 
1 b\y)DiWe{y) + e^weiy) = g{y) on dT\ 
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From lemma [5.1.1| lemma [5. 1.3 [ and lemma [4.1.11 we have 
(5.1.6) |/(y)| + \g{y)\ < C(n, A, A, fi)(llM|| + ||c(ro,Xo, •)IIl»(R"\t«) + ll/(^o, ■)IIl»(K"\t«)) ■ 

We note that / and g are bounded uniformly on < e < 1. Therefore, the 
oscillation of iff is bounded because of lemma [3.1.4| □ 

Let = mmu_«\T» t^w^ and = - ^a^- Then, = - satisfies 

|-£2S7,(y) + a,j{y)D,fS,{y)= /(y) in R« \ T« 
\h\y)DiW,{y) + e^w,{y) = g{y) on <9T« 

where /(y) = /(xq, y) + Oe - a,j{y) (M + Z(y,M)),.y - c{ro,xo, y) 
and g{y) = b'{y) ■ M''z^- a,. 



From proposition |3.2.4[ v'{y) is inC^'"{W \ T") and hence Z(y,M) is inC"{W \ T") 
for fixed M, Tq, and Xq. And then from the condition ||v| in chapter 1, \f\o^ + \g\ch« 
is bounded uniformly on e. So, we have C^ " estimate for w^. 

Corollary 5.1.5. Let Wi:{y) = Wc{y,M,r,xo) be the solution of the equation of | |5.1.3| 
which satisfies the condition ||v) (in condition I). Then, ||a;£(y)||c2,» is bounded uniformly 
on efor given any M, r and Xq. 



The proof of corollary above is almost same as that of lemma 3.1.5 So we omit 
the proof. 

Corollary 5.1.6. There is a unique limit ofa-^w^ as e ^ 0. 

Proof. From lemma 5.1.3 and lemma [5. 1.4 there exists a subsequence s uch th at 
e^zWfj converges to a constant a. And, from similar argument in lemma 3.2.5 o 
should be same even though we change the subsequence because of the uniform 
C^'" estimate of Wi,. That implies e^S^f converges to o. □ 

Definition 5.1.7. L(M,ro,xo) is the limit of e^w i,{y) for fixed M, ro and xq. 

We prove later that the limit equation of «£ satisfies the equation L(M, r,x) = 
in chapter|6] Usually, it is called as an Effective equation. 

5.2. Uniformly EUipticity and Continuity of L. We will end this section by prov- 
ing two important properties of L, uniformly ellipticity and continuity. 

Theorem 5.2.1. Assume the conditions in condition I hold and the equation | [P^ satisfies 
the compatibility condition. Then, there is a positive real number Oq depending only 
on n. A, A and /j such that if the size of hole a is less than or equal to %, then L is 
uniformly elliptic. In other words, there is a positive constant A = A(ao) satisfying 
L{M + N, r, x) > L(M, r, x) + A\\N\\for any symmetric matrix M and positive matrix N. 
Proof. 

We will show L(M + N,ro,Xo) - L(M,ro,Xo) > A\\N\\ for any given M, N, ro, and 
Xq. Actually, it is equivalent to prove e^Wt{y;M + N,ro,xo) - e^Wc{y;M,ro,xo) > 
A\\N\\ + o(l). So, we first define w^ = W£{y;M + N,ro,xo) - ro£(y;M,ro,xo). Then, w^ 
satisfies the following equation. 

i-e^wAy) + a,j{y)D,jW,{y) = -a,j{y) (N + Z(y, N)),- in W \ T« 
\b\y)DiW,{y) + £^We{y) = -b\y)N'ivi{y) ondT\ 
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We will construct a (viscosity) sub-solution /!t(i/) such that e^h^ converges to a 
positive constant. We consider the case ||N|| = 1 because the general result can be 
obtained by scaling. To construct a sub-solution, we need to estimate the righthand 
side of the equation. First, from lemma 5.1.1 |Z(i/,]V)|l~ < ||JV|||Dyy£(-,xo)loo. Hence 
we have 

fly(y) (N,j + Z,j{y,N)) < -A\\N\\ + A\\N\\ \D,v'\ + o(l) 



for all y e M" \ T". 

So, for small e, we have 



aij{y)(N,j + Z,j{y,N)) 



2A 
< — ^ + 



aJ^\D,v'\. 



From lemma 



4.1.3 



\Div{\ is bounded uniformly on a. More precisely. 



where Ci is a constant in lemma 4.1.3 that depends only on n, A, A, and /,(. 

Secondly, from lemma 4.1.2 |D,z;^(i/)| is small if y is far from the boundary. 
More precisely, for any given a, if the size of halls a is less than or equal to 

' ^ — — , - 1 a, then we have 

: 2J 



Oq = mm 



ll2n2AC' 



Aj^\Div'{y)\< 



n^ACia 2n2AC20o A 
^ ^ 3 



rf(y,T«) 



a/2 



where d{y, T") is a distant between y and T" and the constant C2 is same in lemma 

Finally, from lemma 4.1.1 we have 

b\y)N,jv'{y) > -Csa 

where C3 is a constant which is independent of e and a. 

Now we are ready to define the barrier. Let us define the function h as follow. 



h{y) 



f(lyl + a)' 



jSa'/ lOK^'' 



,if < lyl < a 
,if a < lyl 



We will select K, /3, and later Then, the function h is continuous and twice 
differentiable except the points on dB-^. And from the calculation, we have 

\aij{y)Dijh{y) > nAK if < |y| < a 
]aij{y)Dijh{y) > -nAjS if a < |y|. 

And, on the boundary dBa, we have 

h'{y)Dh{y) = -b'{y)K(a + a)v < -Kajj. 

If we choose K bigger than jS, then our function h{y) has sharp edge on dB-^, and 
hence there are no second order pol5momials touching h{y) by above at any points 
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on dB^. Select B = K = ^^4^ + ^ + 1 + j3. Then, K>B and, 

2A 



aij{y)Dijh{y) > nAK > n^ACi > — 5" + ^ ^^'^'^^ " ^ 



(5.2.2) 



2/1. ^ 

aij{y)Dijh{y) > -nAjS >-->-y+a2^ |D,i;{.| if a < |y|. 



3 - 3 

'7 



And, on the boundary, we have 
(5.2.3) b'{y)Dh{y) < -Ka^ < -SCsa. 

Finally, select a satisfying < 1 A = Caci. Then, /z'(r) < if r > 1 and 

hence 

1 - 

/!f(i/) = maxh{y -m) + —A 

is a sub-solution of equation | |5.2.1[ | for small e > from | 5.2.2^ and 15.2.3 1. 
And, from lemma [5.1.2| we have 

e^Wi; > £^hi,{y) > £^ maxh{y - m) + A — > A as £ — > 0. 

meZ" 

That is 

L(M + N, To, xo) - L(M, ro, xq) > A > 0. 



Remark 5.2.2. Ifuify) = bijihaplace equation), c{r,x,y) = and b'{y) = v'(Neuniann 
boundary condition) in equation < |5.1.3| l, then we can prove the uniform ellipticity even the 
size of hall a is large because we can use the divergence theorem. Let Qbea one cell whose 
center is and punctured by a ball Bi,(0). We identify £^w^{y;M,ro,xo) with L(M,ro,xo) 
because the error between them is of order 0(e). Then, we have thefollowng by using the 
divergence theorem: 



|Q\B„|L(M,ro,xo) = | L{M,rQ,xo)dy = I £^w,{y)dy 

jQ\Ba JQ\B. 

= 1 tr{M) + y Z„(y, M) + Aw, + c(ro, xq, y) - /(xq, y)dy 

jQ\Ba i 

= IQ \ Ba\tr{M) + \ y M''Div[dx + Aw.dy + (c) - </) 

= \Q\ B,\tr{M) + f y M"{v[{y) - v[mv' + D.w.Vdoy + (c) - { f) 

= IQ \ Ba\tr{M) - \dBa\L{M,r,xo) + (c) - </) 

where (c) = L,„ c{ro, xg, y)dy and (/) = (1, „ /(xq, y)dy. So, we have the explicit 
formula of L(M, ro, xq): 

And the uniform ellipticity comes automatically from above formula. 
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Proposition 5.2.3. Assume the conditions in condition I and the equation ( [P^ satisfies 
the compatibility condition. Then, 

(1) L{M,r,x) is continuous with respect to r and x variables. 

(2) L{M,r,x) is non-incresing with r variable. 

Proof. 

(1) We will show that L is continuous with x variable for fixed M, r. And we 
omit the proof of the continuity with r because that is quite similar to the 
proof of continuity with x. Now, suppose that M, r are fixed. And let 

f{x, y) = f{x, y) - c{r, x, y), and 
g{y) = -b\y)-{MV{y))' . 
Then, the equation for second corrector can be modified to 

{-E^w,{y)a,j{y)D,jW,{y) = f{x, y) in R« \ T« 
\b\y)D,w,{y) + e^w,{y) = g{y) on dV' 

For the simplicity of notation, we define Wi:{y;x) = w^{y;M,r,x) and 
Wi;{y) = W£{y,Xi) - w^{y,X2) for some Xi, Xi e Q. Then, w^{y) satisfies the 
following equation: 

\-£^w^{y) + aijiy)DijWe{y) = f{xi, y) - f{x2, y) in R" \ T" 
\b\y)DiWe{y) + e^Weiy) = on dT". 

Since / and c are continuous uniformly on y, 

\f{xi,y) - f{x2,y)\ + \c{r,xi,y)-c{r,X2,y)\ < a(\xi -X2I) 
where a : IR""" IR""" is a nondecreasing function with limr^o+ = 0- 



(5.2.4) 



Hence, |e^iDt | < cr(|xi - X2I) because of lemma 5.1.3 And the conclusion 
comes by taking limit on both side. 
(2) It can be shown by using similar argument above and the comparison 
principle. 

□ 

6. HOMOGENIZATION 



6.1. Proof of theorem 1.2.3 In this section, we are going to prove the limit of 
solutions satisfies the homogenized equation. First, assume that u^ is bounded 
imiformly on e. Then we can define the limit of in the following way 

Definition 6.1.1. Define u* and u, as follow: 

M,(x) = liminf{M£'(x£') : x^' e B£'(x) n Qf',0 < e' < e] 
(G 11) i~~*o 

u'{x) - limsup{Mf.(x£') : x^, e Bf/(x) n Q^vO < e' < e}. 

e->Q 

We will prove that m, is a super-solution of the equation of the effective equa- 



tion(equation 1.2.21. And the lower semi-continuity of M,(upper semi-continuity 
of m') comes from a similar argument as in |CILJ. 
Now we are going to prove our main theorem. 

Proof of theorem 11.2.31 
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Suppose that m, is not a viscosity super-solution. Then, there is a second pol5momial 
P{x) touches u*{x) from below at 3:0 e O such that there exists Rq satisfying u*{x) > 
P{x) in Bk(,(xo) and u,{xo) = P{xo) and L{D^P{xo), P{xo), xq) > 6r] > 0. 

For the simplicity, suppose that Xq = and u*{xq) = 0. Set P^{x) = P{x) - 6\xf-. 
Then, since Br(0) \ Te is compact for any given < K < Kq, we can find ^(e) e 
Br(0) \ Te which satisfies 

(6.1.2) u,(x{e)) - P^(x{£)) = min (ue{x) - P^ix))) . 

From the definition of M», there is a subsequence {(tH,x„)) e (0,1] X Q which 
converges to (0, 0) satisfying Xn e O.^^ and 

(6.1.3) lim M£„(x„) = M»(0). 

n->oo 

Set A = {e„). Since x„ e 6^(0) and Br(0) is compact. We can find a subsequence 
of (?„ = x^en)) which converges to some y e Br(0) 

as £n — * 0- And hence we assume 

that lim„^o Me„(^tt) = m»(0) andxl^en) — > y. 

Since Mf„ (F„) -P^(xn) < m^,, (x„) - P^(3:„) from the definition of by taking limit 
infimun on both side, we have 
(6.1.4) 

M.(y)-P*(y) < liminf («.(?„) - P^(S;)) < liminf fw. (;c„) - P*(;c„)) < m.(0)-P*(0) = 0. 

But, by the definition of P^, we have 

6|y|2 < M.(y) - P(y) + Slyl^ = M.(y) - P^(y) < m.(0) - P*(0) = 0. 

Therefore 6|yp < and hence y = 0. That implies the sequence converges to 
(not as a subsequence). And, from above inequality, we also conclude that 

(6.1.5) lim inf «£„(£„) = m»(0) 

n->oo 

Let 61 = 1. Since the sequence {^£n); £ A} related with 61 converges to 

as n —> 00, we can find £1 e A and x^^ei) satisfying Z\ < \ and x(fi) e B|(0). 

After setting 62 = \r we also find £2 e A and ^'(£2) satisfying £2 < min(£i, ^ and 
X2(£2) e B A ■ In this way, we can obtain a sequence (6*:, f^, = ?(£t, 6^)) satisfying 

(1) (£i:| is a subsequence of A, 

(2) b\ — > 0, Ejt ^ 0, and x^ — > as — > 00, and 

(3) M,,(x) < Pjt(x) and M,,(Xit) = Py{x^) in Br(0) where Pt(x) = P^^(x) - P^^(x^) + 

Mft(Xjc). 

Let Qi(x) = Pfc(x) - \ \xf - — I for a given K<\. Then, from \x^\ < -, 
satisfies. 



and 



on (9Br(0). 



X / KR? 

Qkixk) = Pkixk) - 2 M ~ y ) ^ "'^'■(^'t) + -g- 
Qkix) = Pkix) - 2 r y I ^ - ^ 
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Let P{x) = -x^Mx + px + u,{0), Mk = D^Qk = M - 26kl - K{rj)I and 4 = = 

DQk{x) =Mx + p- 26kX - K{Tf)x = ^(x) - IdkX - K{r])x. We note that 5^(0) = 5(0) = p. 
Now, let us define the first and second corrector as follow. 



Wk{^Y^ = w,^{^^;Mk,Qk{xo),xoj 



And, define 



Qk{x) = Qk{x) + ekVk i—,£,k) + slwk ( — ) 
V £;c / V £fc / 

where Wk j = Wk j - minye]R«\r" m (y)- 

We will show that Qk{x) is a sub-solution in a ball Br(0) if we choose R and X 
properly. First, let us check the boundary condition on Br{0) D . 



-£k£lm 



(I) 



= -ek[LiMk,Qk{xo),xo) + o{ek)) 



From the continuity of L, L(M;c, Q;c(^o)/ ^o) converges to L | M, ) since Mk 



KR^ 



KR^ 



M and Qk{xo) = And L\M, ^^/Oj is positive if we choose K and R small 

enough since L(M, 0, 0) is positive. Hence we have V{£) D,Qk{x) < for sufficiently 
large k. 

Now we are going to apply Qk to our main equation iPf I. From the calculation, 
we have 



1 



D'Qk{x)Mk + -Dy 

£k 



£k 



).Z(|,M.).D^».(£). 



Apply it to the equation {P^\. Then we have 
a,;(|)D^a.c(a(x),x,£)-/(x,|) 



£l^k\ 



From the definition of Qk{x), 



K. 



\Qk{x) - Qk{xo)\ < \P{x) - P{xo)\ + dklxl" + 

< \\M\\R^ + \p\R + bkR^ + 

whenever x e Br(xo)- Hence we can make \Qk{x) - Q;c(^o)l small by choosing R{ri) 
small enough. 

And, from lemma |4XT] and [SXil 



Qk{x) - Qk{x) 



< £kMo. + £l\iVk\c 

<C£k 
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for some constant C which is uniform on e and k. Hence it is smaller than r/ if A: is 
large enough. 

From those two calculations, \Qk{x) - Qk{x)\ satisfies the following by small R 
and large k. 



Similarly, because of the continuity of c and / with x variable, 
[Qk{xo),x, -c^Qk{xo),xo, ~) ^ T 

\f{x,y)- f{xo,y)\ < 1] 

Hence, from the continuity of L, we have 

aij (^)c^Q/t + c^Qkix),x, ^) -f(x, ^) > L{Mk,Qk{xo),Xo) - 3r] + o{£k) 

>l(m,^,0)-4, 

>rj + o(eit) 
>0 

for large k. 

In summary, Qk{x) is a sub-solution of equation ( [P^ in Br{xq) for large k and 
Qi:(x) < Pk{x) < M£t(x) on SBr \ Tf . Hence, from the comparison, we have 

Qk{x) < Mti(x) 

in Br \ Tf . Substitute Xk instead of x to above equation and take limit on both 
side. Then, we have 

M.(0) + — < ".(0). 

That is a contradiction. So, L(D^P(xo),P(xo),xo) is nonpositive and hence u, is a 
super-solution at any point in O. By using similar argument, we can show u* is a 
sub-solution of the equation 1 1.2.2\ in O. From the second assumption, u* = u, on 
do,. So, M, > u* from the comparison principle. Finally, since u, < u* because of the 
definition of lu and u* , we conclude 

M, = M* in Q. 



6.2. Construction of barriers when Q is convex. In this section, we are going to 
construct a barrier to show u* = u, on the dO.. At first, we are going to prove that 
the condition (2) in 1.2.3 holds if Q is convex. 



Lemma 6.2.1. Let be the solution of the equation Assume that the equation 
satisfies the condition I and compatibility condition and the size of halls a is less than or 
equal to % where Oq is same with the constant in theorem 5.2.1\ Assume also that Q is 
convex. Then Wc is bounded uniformly on e. Moreover, for any given xq e dCl, we can 
find a barrier functions h'^ and h~ which is bounded uniformly on e and satisfying 



(6.2.1) 



\h~{x) < Ue{x) < /z+(x) in Q 

I (xo) - ^£ (xq) < Cefor some C which is uniform on e. 
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Proof. For the simplicity we assume that xq = and (p{xo) = (p{0) = and Q is 
contained in a half space x" > 0. We also assume that \f{x, < 1 and l|(pllc2(Q) ^ 1 
since the general case can be obtained by scaling. 

Let v' be the solution of equation | |4.1.2) when £, = e' with min]R"\ra v' = 0. Let V 
be a vector whose i-th component is v'{y). 

1 , 

Since II?'IIc2(q) ^ 1/ (p{^) ^ <p(^o) + D(p{xo) ■ x + -\x\ . Choose R - diam{Q) 

1 X 

and define P(x) = D<p(0) ■ x + -|xp + -{r^- \x" - R\^^ for some K. Define also 

Ro = K + and <S(x) = DP{x) = D<p(0) + x - K{x"e"-R) where e" is the 
n-th stanadard unit vector defined in R". We finally define Pcix) = P{x) + 
eV^-^£,{x) + - KE„, -Ro/Oj + Cje where Q = Ci(X) is a constant sat- 

isfying II V||L»(]R«\7-a)|(5(x)U < Ci and £„ is a matrix with defined by £„ = e"(e")^ By 

adding de, > - sup^^^ (D(p(0) ■ x + i|x|^j - ~ Y ) ^ ^ ^"'^ ^£ ^ "P 

on ^Q. 

Then, from the calculation, we have 

DP,{x) = + DV 5(x) + £{I - K£„)y + eDzv, 

D2p,(x) = (I - XE„) + ^DV £(x) + (I - KE„)DV^^^ + D^w, {^^ 

Now, apply it to our main equation, then we have 
(6.2.2) 

L [p^P.ix), P, {x),x,-^ = a,j ^ ^ j DijP,{x) + c [p, (x), x, ^ j 
= fl,7 ((I - KE„) + ^DV £(x) + (7 - XE„)Dy + d2i(;,(^)) + c (p,{x),x, 
< a,j (^) ((I - KE„) + KEn)Dv{^-^ + D^- + c i^-Ro,x, 

= eWiy, I - KE„, -Rq, 0) + (c l^-Ro, ^) - c (-Ro, 0' f )) + / f ) • 

By the theorem 5.2. 1[ 

£^w,{y;I- KEn, -Rq,0) < L{I - KE,,, -Rq,0) + o(e) 
(6.2.3) - 

<mA- — + L(0,-Ko,0) 

if £ is small enough. From the definition, we can easily deduce that |L(0, -Rq, 0)| < 
ll/(^/y)llL'»(Qx(R"\r")) + llc(--Ro,^,y)llL"(Qx(K"\T«))- And hencc if we choosc 

2nA + 6||/(x,i/)||L~(Qx(R"\r«)) +6||c(-_Ro,^,i/)llL~(nx(R"\T")) 

^ = / 

A 

then, 

l(P^P,{x),P,{x),x,-^< f(x,-^ 
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for every x e . And, at the boundary, 

i;'(j)D,P,(i) = + Dv(j)4(i) + £(J-K£„)v(j) + £Di»,(j)) 

= *'g)((,-.E„,v(i).D..(i))^ 



2 



>0 

Finally, since Peix) > (p{x) on dCl, is a super-solution of and hence < 
on Qf And the uniform boundedness comes from the fact that e < 1, and Ci and 
We is bounded uniformly on e. 

Let = . Then, /z+(x) > m,(^) in Q and /z+(xo) = /z;*'(0) < P(0) + Ce = <p(0) + Ce. 
By using similar argument, we can construct h~ having properties h~{x) < (x) in 
O and h~{xo) > (p{0) - Ce. And such h'^ and h~ satisfy | |6.2.H . □ 

Corollary 6.2.2. Let be the solution of equation (P^ and assume all the conditions in 



lemma 6.2.1 Then, for any given boundary point xq, 

M*(Xo) = (p(xq) = M.(Xo). 



Proof. From lemma 6.2.1 there is a function h'^: satisfying < h^{x) - u^ix) < Ce 



in Q for some constant C which is uniform on e. And from the definition of 



/i^ in lemma 6.2.1 h'^ converges to P(x) uniformly. So, m*(x) < P(x) and hence 
u*{xq) < P{xq) = (p(xo). Similarly, we can show m,(xo) > (p{xo). Finally, since 

M.(^o) ^ U*{Xo), U,{Xo) = (p{Xo) = M*(Xo). □ 

6.3. Construction of barriers for the non-convex domain. In this section, we 
construct a barrier to show m, = u* on dQ for non-convex domain Q. Throughout 
this section, we don't assume that Q is convex. Instead, we assume that O has a 
exterior sphere condition. In the other words, for given any xq on ^Q, there is a ball 
B, (xi) c R"\Q satisfying {xq} c B,(xi) n Q. Let us also define the set of functions: 

= y) e C(Q X M") : |/(xi, y) - /(xz, y)| < a(|xi - X2I) for all y e R" \ T"} 

for some nondecreasing function a satisfying ct(0+) - 0. We note that / satisfying 
(Condition 1) is in Jl. So, for given any f{x,y) in Ji, we may find -L(0,0,x). We 
define / = -L(0,0,x). In other words, /(x) is the limit of -e^w^iy) and is the 
solution of the following equation for given /(x, y): 



(6.3.1) 



I -e^w,{y) + aij{y)DijW,{y) = /(x, y) in R" \ T" 
I fc'(y)D,zi;,(y) + e^w^iy) =0 on 



Lemma 6.3.1. Suppose that f{x, y) = 1 identically. Then, f is a positive constant which 
depends only on n, A, A, and the size ofholls a. 

Proof. It is enough to prove -1 is a negative constant. Let Q be a subset of R" \ T" 

(1 1 1\ 

having the shape in the picture and yo ~ ( -, - I be a point in Q. We can 
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Figure 1. The shape of Q 



choose Q that has a boundary. Let hi be the solution of the following equation: 

(aij{y)D,jhi{y) = inQ\B>(yo) 
Ui(y) = on<9Q 
[hi{y) = l ondBiiyo) 

Then, from the regularity theory of viscosity solution in BLTI and Hopf 's lemma(lemma 
3.4 in [GTJ), hi satisfies the following: 

'hi is in C'(q \B|(^) 

0</!i <linQ\Bi(yo) 
Dhi = \Dhi\v and \Dhi\ < C2 on dBi{yo) 
Dhi = -|D^i|v and \Dhi\ > ci on dQ 
where ci and C2 are positive constants depending only on n, A, A and /i. Now 



extend hi = outside of Q and hi - 



K 



\y - yo\ in B i (yo)- Hence, if we 



choose K > 3(c2 + 1), then hi satisfies 

jaij{y)Dijhi > -nAK in R" \ T" 
\b'{y)Dihi < -(.ici on dV n dQ 

(in the viscosity sense) since the sharp edge on dQ U dBi (yo) does not allow any 
second polynomial to touch hi from above on dQ U dBi (yo). 



So, the fimction h^ 



InAK 



swphi{y -k) + 



k€Z" 



1 l-lCl 

e^AnAK 



is a sub-solution of equation 



1 6.3.1\ for small e . Hence the solution a;^ of | |6.3.1 1 with f{x,y) = - 1 should be larger 

. . j-lCi 

than he by lemma 16.3.1 1. Now we get the conclusion since -e h., < — < 0. 



4mAJC 



Lemma 6.3.2. For given any <p e C(Q) and f e Ji, there is a function g{x) e C(Q) 
satisfying 

7+g = (pix) 



26 



KI-AHM LEE AND MINHA YOO 



Proof. By above lemma, there is a positive constant cq such that 1 - cq. From the 
definition of /, if / is independent on y, then f{x) = f{x) for each fixed x e Q. From 
this and the linearity of the equation ( 6.3. 1) , /(x) = co/(x) for all / e C(0). Now let 
us define g{x) as follow: 

(p{x)-J{x) 

g(x) = . 

Co 

Then, ^(x) is continuous since /(x) and (p{x) is continuous and, 
fix, y) + g{x) =f + g = f + ((/)(x) - 7) = (f){x). 



Let Xq be a point on dQ. We assume that Q has exterior sphere condition. 
So, there exists a ball B,.(xi) such that B,.(xi) n Q = {xq}. We may assume that 
Xi = without any loss of generality. Since O is bounded, we can find a large 
ball O containing Q and B,.(0). Extend c(r,x, y) and /(x, y) when x e O and hence 
L(M, r, x) - L(M, r, x) - /(x) also defined on O. 

Lemma 6.3.3. Assume that L is uniformly elliptic. Then, there is a function h e C^(0) 
satisfying the following: 

fL{D%h,x) < -dl/IU + 1) onQ 
<h> (p on dCl 
[h{xo) = <p(xo). 

Proof. We may assume that (p is defined in O since it can be easily extended. Let 

(K K\ 
-j— — + — j outside the ball 6^(0). Then, by defining h{x) properly 
|X| V I 

inside the ball B,-, we may assume that h is in in O. And, from the definition, 
the second and third statement are true for all a > and K > 0. So, we get the 
conclusion by choosing a and K large enough. □ 



5.2.3 



and 



Let us define the function 'g = L{D^h, h, x) on O. Then, from proposition ! 
lemma 6.3.3 g is continuous and, by lemma 6.3.2 there is a continuous function 
g(x) satisfying the following: 



f{x,y)+g{x) =g{x) 

for any given / e 

Lemma 6.3.4. Let g be the function defined as above for given f e Jl. Then, g{x) < 0. 

Proof. From the definition and the comparison, |/| < |/|oo. And from the con- 
struction of h, 'g < -(I/loo + 1) By combining those two inequalities, we have 

p?x) - f (x) 

Co 

Now consider the equation 

'L{D'^v,,Ve,x) = f[x,-^+g{x) vc\0 
^V(f^DiV,{x) = Q ondT.nO 
= h{x) on dO \ Tf, 
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where h is same in lemma 6.3.3 and g is same in lemma 6.3.4 



Since O is convex, if we assume all the conditions in the theorem 1.2.3 except 
(2), then converges to v uniformly and v satisfies the equation 

fL{D^'v,'v,x) =^onO 
'D = h on dO. 

And hence, = Fbecause of the comparison. Let us define T(e) = sup^^^ |i^f(x)- 
h{x)\. Then, from the uniform convergence, T(e) ^ as £ ^ 0. And, from the defi- 
nition of h, 

u^{x) < h{x) < Cf(x) + t(£) on dQ. 
Since v.:- is a super-solution in Q, we have the following by comparison: 

Ueix) < v^{x) + T{e) < h{x) + 2t(£) for x e CI. 
By taking * on both side, we can conclude the following 

u'{xo) < h'{xo) = Hxq) = (pixo). 
Similarly, we can show m,(xo) ^ <p(^o)- Hence we get the following: 

Lemma 6.3.5. Let is the solution of equation | [P^ . Assume that the equation | [P^ 
satisfies the condition I and the compatibility condition. Suppose also that L is uniformly 
elliptic. Then, u*{x) = m,(x) on dQ. ifQ satisfies an exterior sphere condition. 

Proof of corollary 1.2.4| and corollary 1.2.5| 

It follows immediately from theorem L2.3 and lemma above. □ 

7. Discrete Gradient Estimate 

7.1. In this section, we develop the following imiform estimates. Those two esti- 
mate tell us about the shape of u^ . It turns out that u^ is almost Lipschitz continuous 
with an error of £ order. Let us consider the following equation: 



(7.1.1) 



) D,yM,(x) + c (m,, ^ ) = / (x, f ) in Q \ T, 

b' j D,M£(x) = on ClndT, 

u^ = (p on do. \ Tf 



We note that the function c is independent on x variable. It is only difference 
between above equation and the main equation | [P^ . Throughout this section, 
we assume that the function c{r, y) and /(x, y) is differentiable with respect to r 
and X variable respectively. Additionally, we assume that Q is convex and all the 
assumptions in chapter 1 . 

Lemma 7.1.1 (Discrete Gradient Estimate). Let u^ be the solution of above equation 
and, the size of holes a is smaller than % where Oq is same in theorem 5.2.1 Then, 
for given direction e = e^, |a^M£(x)| is bounded uniformly on e. That is, there exist 
C = C{n, A, A, |U, ll/IU) and 



(7.1.2) 

for every x e n (£e + O^). 



„e /M |Mf (x + ee) - u{x)\ 
a;;m£(x)| = < C 
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Proof. Let = Q f^ee + CI), Q, = Q' \ T, and U = ""^^ ~ "'^^^ for given e 

where e - e' is a i-th standard unit vector in R". Then, since Mf Cx) and Wf (x + ee) are 
solutions, we have 

(x + ee\ I x + ee\ I x + ee\ 

Ujj I — - — I D,yMt (x + ee) + c {Uc(x + ee), — — I = / I x + ee, — — I 

aq {^^DijUi:{x) + c{u^{x), ^) = f{x, . 
Sincefl,y|^ j = - I,cIm£(x + ee), j = clw£(x + ee), - land/ Ix + ee, I = 



we have 



,(^)d,;IJ(x) 



c (wf (x + ee), f ) - c(Mf (x), f ) / (x + ee, f ) - / (x, f ) 



Because c is differentiable in r variable and / is differentiable in x variables, by the 
mean value theorem, we can find f = f{x, e, e) and x* = x*(x, e, e) which satisfies 

a,j (^) D,,U(x) + c, (r', fjU = D,f (x*, fj 

wherex e Qg. Andfrom the boundary condition of Mt(x)andMf(x+£e), 
Oon(9T,nn^ 

Now we are going to prove the boundedness of LI on ^Q' \ . Let x be a point 
in Q' \ Tf Since x e \ T^, x e dD, or x + ee e dQ. We assume x e dQ since the 
other case is similar Let h'^ and h~ be functions satisfying 1 6.2.1) . Then, we have 

Wt(x + ee) - Mf (x) 



U{x) 



e 

^ h^{x + ee) - h~{x) 
~ e 

^ h'^{x + ee) - h'^{x) h'^{x,e) - h~{x) 
~ e e 



By ( [6.2.1) , A2 is bounded and, by the definition of h^, A\ is bounded. So, \l(x) is 
bounded above. And it also boimded below by using similar argument. 
In summary, Lf satisfies 



(^) D,y!i(x) + c, (r*, f ) !i = D,/ (x*, ^) in Q, 

f?' ^ ^ j D, U(x) = on n 

is bounded on dQ.^ \ T^. 



It can be shown from the comparison if there is a super-solution which is 
boimded uniformly on e, then we are done. Let li" = sup^^^^.^y U(x) + Pi:{x) 
where P^x) is same in lemma 6.2. 1| Then, we can show that /z""" is a super solution 
for large K. Hece Lf is bounded uniformly on e since /z"*" is bounded uniformly on 
e. □ 
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Remark 7.1.2. U is also bounded when Q satisfies the uniform exterior sphere condition. 
And the proof is similar to the proof of case O is convex. 

Lemma 7.1.3 (e-Flatness). Let u'^ be the viscosity solution of | |7.1.1 1. And suppose all the 
conditins in lemma 7.1.1 are satisfied. Then, there is a constant C > which is independent 
of e satisfying 

\u,{xi) - u,{x2)\ < Ce 
for every xj, X2 contained in a same e-cell ofT^ n Q. 

Proof. Let m1(i/) = Ui;{ey). Then satisfies 

(a,j{y)D,jU,{y) = e^[f{ey, y) - c(u,{ey), y)] in iQ \ T« 
b'{y)DiU,{y) =0 on iQ f] dT" 

[m, =0 on dlQ \ T\ 

Let Q be an unit cell with center in R" and let B„ - Ba(0) be the intersection 
between Q and T". If Q n dC^Clj is nonempty, then we can prove the lemma 
by the barriers i/i^ in lemma |7.L1 So, we will assume that Q c (1q) \ T" and 

Qn5(lQ) = 0. 

/ 3 3\" - 
Let Qi = (--, -1 be a cuve in U". We note that Q c Qi and Qi \ B„ c K" \ T" 

for small a. First, let u* = u^ - rnf Qiilf then, 

UjDijU' = e\f{ey, y) - c(u,{ey), y) in Qi \ T« 
|b'(y)D,M* = onQiH-^T" 

Let So = supg^^p, u* , Iq = infQj\Tn m* =Q,S\= supg^-j,„ u* and h = infQ\T« u* - 0. 
since we know that is bounded, /t = e{f{ey, y) - c{Ui:{ey), y) is bounded and 
small if £ is small enough. From the similar reason to lemma 3.1.4 we have 

Si<C(n,A,A)(Ii + £||/,|U). 
So, if e < £o for some £o/ then we have 

Si < C(m,A,A)(Ii +£). 
And from the discrete estimate, we have 

|i?(x) - = |m,(£x) - u,{ey)\ < Ce. 

From this, we have 

50 < Si + Ce 
= Io>h- Ce. 

Combining these result, we have 

51 < Ce 

where C is a constant which is uniform on £. □ 

The £-Flatness and Discrete Gradient Estimate will give us Global Lipschitz 
Estimate with £-error. 

Theorem 7.1.4 (Global £-Lipschitz Estimate). There is uniform constants C > such 
that 

|m,(x) - M,(y)| < C{\x -y\ + e) 

for x,y e Q^. 
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